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Unlike Hermitian systems, non-Hermitian energy spectra under periodic boundary conditions can form
closed loops in the complex energy plane, a phenomenon known as the point-gap topology. In this paper,
we investigate the self-intersection points of such non-Hermitian energy spectra and reveal their geometric
origins. We rigorously demonstrate that these self-intersection points result from the intersection of the auxiliary
generalized Brillouin zone and the Brillouin zone in one-band systems, as confirmed by an extended Hatano-
Nelson model. This finding is further generalized to multiband systems, illustrated through a non-Hermitian
Su-Schrieffer-Heeger model. Moreover, we address multiple self-intersection points and derive the geometric
conditions for general n-fold self-intersection points. Our results enhance the fundamental understanding of
generic non-Hermitian quantum systems and provide theoretical support for further experimental investigations
of energy self-intersection points.
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I. INTRODUCTION

Non-Hermiticity emerges when a closed system couples
with its environment [1]. It has been realized in many experi-
mental platforms, including optical systems with gain and loss
[2–4], open systems with dissipation [5], and electron systems
with finite-lifetime quasiparticles [6–8]. A variety of phenom-
ena beyond traditional paradigms have been revealed [9–16],
including the non-Hermitian skin effect (NHSE) [17–22],
which refers to the boundary localization of a large portion of
eigenstates. The NHSE renders a high sensitivity of spectra to
the boundary conditions, thereby breaking conventional bulk-
edge correspondence [23–25]. A central concept related to the
NHSE is the generalized Brillouin zone (GBZ) [18,19]. By
replacing the Brillouin zone (BZ) with the GBZ, one can es-
tablish the non-Bloch-band theory and reshape the bulk-edge
correspondence [26–38]. An efficient analytical and numer-
ical approach to obtaining the GBZ is the auxiliary GBZ
(aGBZ) method [39,40], which also manifests the critical
NHSE [41–44].

The topological origin of the NHSE is the nontrivial
non-Hermitian point gap [29,45–48]. Specifically, the energy
spectra under periodic boundary conditions (PBC) form a
closed loop enclosing a finite area when systems feature the
NHSE under the open boundary conditions (OBC). Such
PBC energy spectra can be categorized into two types: sim-
ple closed curves with a single connected interior region,
and self-intersecting closed curves that partition the interior
into distinct subregions. When systems exhibit the bipolar
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skin effect [49,50], the PBC energy spectra must have self-
intersection points and belong to the latter type of curves.
However, if all skin modes are localized at one boundary, the
PBC energy spectra may also display self-intersection points
[51]. Therefore, it remains unclear how these self-intersection
points arise in the PBC energy spectra.

In this work, we examine self-intersection points within
general one-dimensional (1D) non-Hermitian energy spectra
and offer a comprehensive explanation for the geometric ori-
gins of these points. Notably, as non-Hermitian degeneracies,
energy self-intersection points are distinct from exceptional
points [5,52–58], where eigenstates are coalesced. For con-
venience, we review the one-band theory in one-dimensional
non-Hermitian systems and introduce the concept of the en-
ergy winding number, the GBZ, and the aGBZ. We uncover
that, for one-band systems, the PBC energy spectra exhibit
self-intersection points if and only if the corresponding aGBZ
curve intersects with the unit circle (the BZ curve), and vice
versa. This finding is rigorously demonstrated through a topo-
logical method and confirmed by numerical investigations
of an extended Hatano-Nelson model. Furthermore, we ex-
tend our analysis to the multiband cases and illustrate the
results through a non-Hermitian Su-Schrieffer-Heeger (SSH)
model. Additionally, we discuss the multiple self-intersection
points with multiplicities greater than two, deriving the geo-
metric conditions for general n-fold self-intersection points.
Our findings advance the foundational understanding of the
spectra of generic non-Hermitian quantum systems, and offer
theoretical justification for further experimental explorations
of energy self-intersection points.

The rest of the paper is organized as follows. We provide a
brief review of the fundamental concept of the one-band non-
Hermitian systems in Sec. II, including the energy winding
number, the GBZ, and the aGBZ. In Sec. III, we rigor-
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ously prove that self-intersecting points in one-band PBC
energy spectra originate from the intersection of the aGBZ
and the BZ. The above one-band conclusion is extended to
the multiband cases in Sec. IV, and the geometric conditions
for general n-fold self-intersection points is established in
Sec. V. Finally, a summary and discussion are presented in
Sec. VI.

II. REVIEW OF ONE-BAND NON-HERMITIAN SYSTEMS

We begin with a general one-band tight-binding model in
one dimension. The real-space Hamiltonian reads

H =
∑
i, j

t j−i|i〉〈 j|, (1)

where i, j are the position indices and the hopping amplitudes,
t j−i, depend solely on the spatial distance j − i and have finite
range with left (right) hopping range M (N). Applying the
Fourier transformation of hopping amplitudes, we obtain the
Bloch Hamiltonian,

h(k) =
N∑

n=−M

tn(eik )n. (2)

For the periodic boundary condition, the Bloch phase factor
eik moves along the unit circle on the complex plane with
0 � k < 2π ,. In the Hermitian case, where tn = t∗

−n, the spec-
trum of h(k) lies on the real axis and thus encloses zero
area. However, for the non-Hermitian systems with tn �= t∗

−n,
the spectrum of h(k) can form a closed curve in the com-
plex energy plane and encloses a finite area. Such a distinct
topological behavior is characterized by the winding number
W (Eb) ∈ Z, defined as [45,46]:

W (Eb) =
∫ 2π

0

dk

2π i
∂k ln (h(k) − Eb), (3)

where Eb ∈ C is a reference point. If W (Eb) �= 0 for some
Eb, the system under the OBC features the non-Hermitian
skin effect, which is a consequence of nontrivial point-gap
topology [29,46].

To obtain the OBC energy spectrum and quantify the non-
Hermitian skin modes, we take the analytic continuation of
h(k) by making the substitution eik → β = eμ+ik (k and μ are
real valued). Then, for each h(k), there exists a holomorphic
function

h(β ) = t−Mβ−M + · · · tNβN = PM+N (β )

βM
, (4)

where PM+N (β ) is a polynomial of order M + N . According
to the fundamental theorem of algebra, for any E ∈ C, the
characteristic equation f (β, E ) = h(β ) − E = 0 has M + N
roots of β. We can order these roots in ascending amplitude
|β1(E )| � |β2(E )| � · · · � |βM+N (E )|, and the GBZ is deter-
mined by the following equation [18,26,29]:

|βM (E )| = |βM+1(E )|. (5)

All solutions of βM, βM+1 trace a closed curve, termed the
GBZ, in complex β plane. This curve encapsulates critical
information about eigenstate profiles, including the conven-
tional wave vector k and the spatial decay rate μ of a skin

mode. Upon obtaining the GBZ, we can acquire the OBC
energy spectrum in the thermodynamic (large-size) limit by
inserting β ∈ GBZ into Eq. (4). Furthermore, replacing the
BZ with the GBZ allows us to define the topological in-
variants that dictate the topological boundary modes, thereby
establishing the non-Bloch bulk-edge correspondence. Con-
sequently, the GBZ serves a role analogous to the BZ in
Hermitian systems and occupies a central position in the non-
Bloch band theory.

A concept closely related to the GBZ is the aGBZ [40],
defined by projecting the following two equations onto the
complex β plane,

f (β, E ) = f (βeiθ , E ) = 0, θ ∈ R. (6)

Since there are five variables (Im β, Re β, Re E , Im E , θ ) and
four constraint equations Re f = Im f = Re fθ = Im fθ = 0,
where fθ = f (βeiθ , E ), the solution of Eq. (6) forms a 1D
curve in the 5D space. The analytical expression of aGBZ
can be calculated via the resultant method to eliminate the
additional variables θ and E . The resulting equation is an
algebraic equation of Re β and Im β, given by

∑
i j

ci j (Re β )i(Im β ) j = 0. (7)

The aGBZ described by Eq. (7) is a complicated curve in
complex β plane, composed of a set of analytic arcs connected
at the self-intersection points. Specifically, each analytic arc
consists of conjugate pair (β0, β̃0), where β̃0 = β0eiθ0 , satis-
fying f (β0, E0) = f (β̃0, E0) = 0. Then, solving f (β, E0) = 0
and ordering the roots by the absolute value, we can identify
the ordering of two roots that have the same absolute value
as |β0|. For example, if |β0| = |βM (E0)| = |βM+1(E0)|, the
ordering of β0 is (M, M + 1), which helps us pick up the GBZ
from the aGBZ. Any points in an analytic arc have the same
root ordering, changing only at the self-intersection points.

III. SELF-INTERSECTION IN ONE-BAND
NON-HERMITIAN ENERGY SPECTRUM

For one-band energy spectra with nontrivial point-gap
topology, the band structure can be categorized into two types:
simple closed curves enclosing a single connected region or
self-intersecting closed curves partitioning the interior into
distinct subregions. To analyze the self-intersection points
in the latter type of energy spectra, we define the following
winding number

w(C, Eb) =
∮
C

dβ

2π i
∂β ln[h(β ) − Eb], (8)

where C is a closed contour in complex β plane. Especially, if
C is the unit circle (the BZ), then Eq. (8) reduces to Eq. (3).
According to the argument principle, the winding number of
a complex function is the difference between the total number
of zeros and poles enclosed by C [59], namely

w(C, Eb) = N1 − N2, (9)

where N1(N2) is the count of zeros (poles) with their re-
spective multiplicities. As the contour C encloses the origin,
we always have N2 = M. Therefore, the winding number
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FIG. 1. Relations of the winding numbers in distinct subregions.
(a) Change of the winding number when the reference point passes
across the PBC energy spectrum. Eb and E ′

b denote two different ref-
erence points, and the colored curves denote the loops in the complex
energy plane. Panels i–iii show three equivalent loops with the same
total winding number. (b) Winding numbers in the neighborhood of a
self-intersection point. The blue lines denote the PBC spectrum, the
orange point is the self-intersection point. The blue arrows denote
the direction of k, and the winding number in the four subregions are
marked in the figure.

w(C, Eb) is determined by the number of zeros of PM+N (β ) −
βMEb that lie within the contour C.

Since the winding number defined in Eq. (3) is a topo-
logical number, it only changes when Eb passes across the
PBC spectrum, and the increment or decrement of the winding
number is determined by the direction in which Eb crosses the
PBC spectrum. As illustrated in Fig. 1(a), consider a reference
point moving across a segment of the PBC spectrum [curve
γ1 in Fig. 1(a)] from the left-hand side (Eb) to the right-hand
side (E ′

b), viewed from the direction in which k increases. To
calculate w(BZ, Eb) − w(BZ, E ′

b), we continuously change
the loop γ1 into an auxiliary loop γ2, shown as the panel ii
in Fig. 1(a). From i to ii, the reference point does not pass
the loop, so that the winding number of the loop γ2 around
E ′

b, denoted as w′, equals w(BZ, Eb). Based on the auxiliary
loop, we close the detour into a small loop (red loop in panel
iii), and recover the PBC spectrum, then the winding number
w′ equals the sum of the two loops, i.e., w(BZ, Eb) = w′ =
w(BZ, E ′

b) + 1. As a result, when the reference point crosses
the PBC spectrum from the left to the right, the spectral
winding number decreases by 1, and vice versa.

When the PBC spectrum is a self-intersecting closed
curve, its interior is divided into distinct subregions, which
is connected by the self-intersection points. As illustrated in
Fig. 1(b), we consider the simple crossing of the PBC spec-
trum at one intersection point E0. The direction of k is marked
by the blue arrows. The crossing at the intersection point can
be viewed as a node with four directed edges in graph theory.
Because the PBC spectrum is closed loop on the complex
plane, the number of edges towards the intersection point
must equal the number of edges directed from the intersection
point. Therefore, it is always possible for a reference point
to cross the PBC spectrum twice from the right to the left,
as illustrated by the red arrows in Fig. 1(b). Supposing the
winding number around the start point is w1, because each
crossing will increase the winding number by 1, so that the
winding number around the end point equals w1 + 2. In the
following, we demonstrate that such a self-intersection point
E0 corresponds to the intersection points of the BZ curve and

the aGBZ curve in the complex β plane. We first show that the
self-intersection point E0 corresponds to the points on the unit
circle of the complex β plane. Since E0 belongs to the PBC
spectrum, the characteristic equation f (β, E0) = 0 must have
two different solutions β

(1)
0 (E0) = eik1 , β

(2)
0 (E0) = eik2 , where

k1, k2 ∈ (0, 2π ]. Consequently, both β
(1)
0 and β

(2)
0 reside on

the unit circle of complex β plane (namely the BZ curve).
Then, we show that β

(1)
0 and β

(2)
0 also lie on the

aGBZ curve. In fact, the aGBZ curve can be regarded as
all possible solutions of f (β, E ) = 0 satisfying |βi(E )| =
|β j (E )| for any i �= j. Specifically, we define a set of
curves ∂Bi,i+1 = {β ∈ C|∀E ∈ C : |βi(E )| = |βi+1(E )|}(1 �
i � M + N − 1), where the roots of f (β, E ) = 0 are ordered
by their magnitude |β1(E )| � · · · � |βm+n(E )|. The aGBZ is
the union of all these curves, that is, aGBZ = ∂B1,2 ∪ · · · ∪
∂BM+N−1,M+N , and the GBZ is just ∂BM,M+1. Each curve
∂Bi,i+1 forms a closed loop, enclosing i zeros of the equa-
tion f (β, E ) = 0 for arbitrary E (see details in Appendix B).
On the other hand, the interior of the self-intersected PBC
spectrum is partitioned into several subregions. Consider two
subregions, labeled I and II, connected by the self-intersection
point E0. For any reference point Eb1 in subregion I, the
winding number along the BZ is

w(BZ, Eb1) = l1 − M ≡ w1, (10)

where l1 is the number of zeros within the unit circle for
the characteristic equation f (β, Eb1) = 0. Similarly, for any
reference point Eb2 in subregion II, we have

w(BZ, Eb2) = l2 − M ≡ w2, (11)

where l2 is the number of zeros within the unit circle for
f (β, Eb2) = 0. Note that l1(l2) remains invariant for any
Eb1(Eb2) within subregion I (II). As illustrated in Fig. 1(b),
there always exist two different regions around the self-
intersection points that satisfy l2 = l1 + 2 (i.e., w2 = w1 + 2).
The reference points Eb1 and Eb2 can be connected through
a path S that passes through E0, with the remaining points
of S belonging to subregions I and II. As Eb1 moves to-
wards E0 along the path S , the distances between Eb1 and
E0 can become arbitrarily small, while there remain l ze-
ros within the BZ curve. Once this reference point traverses
E0 and enters subregion II, the number of zeros within the
unit circle increases by two, resulting in l1 + 2. Therefore,
the corresponding solutions for f (β, E0) = 0, β

(1)
0 (E0) and

β
(2)
0 (E0), are the boundary points separating the regions with

l1 and l1 + 2 zeros within the BZ curve, and thus belong to
∂Bl1+1,l1+2. As a result, β

(1)
0 (E0) and β

(2)
0 (E0) are the intersec-

tion points of the BZ and the aGBZ subcurve ∂Bl1+1,l1+2.
On the other hand, if the aGBZ intersects with the BZ, e.g.,

a point of the aGBZ β such that |β(E )| = 1, the definition of
the aGBZ implies the existence of at least one distinct point β ′
that also satisfies |β ′(E )| = 1. Hence, we can express β(E ) =
eik and β ′(E ) = eik′

with k �= k′. This indicates that E is a
self-intersection point of the PBC energy spectrum.

To illustrate the above results, we consider an ex-
tended Hatano-Nelson model with next-nearest-neighbor
hopping [60,61], shown in Fig. 2(a). The generalized Bloch
Hamiltonian is given by

hHN(β ) = t−2β
−2 + t−1β

−1 + t1β + t2β
2. (12)
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FIG. 2. (a) Schematic of an extended Hatano-Nelson model with
next-nearest-neighbor hopping. (b)–(d) display the PBC (red line)
and OBC (blue line) spectra of the model with varied parameters
t1 = 1 + γ1 and t−1 = 1 − γ1, where self-intersection points of the
PBC energy spectra are marked by different shapes. Integer num-
bers in various regions denote winding numbers of the PBC energy
spectra. (e)–(g) The corresponding aGBZs. Different colors repre-
sent different root orderings of the analytic arcs |βi(E )| = |βi+1(E )|.
Solutions for self-intersection points in complex β plane are marked
with the relevant shapes, denoting intersections between the aGBZ
and the BZ. Throughout (b)–(g), we set t2 = 1.5 and t−2 = 0.5.

If all hopping parameters are real, the real-space Hamiltonian
HHN obeys the generalized PT symmetry KHHNK = HHN,
where K is the complex conjugate operator [62,63]. The char-
acteristic equation hHN(β ) − E = 0 has two poles and four
zeros in complex β plane. Therefore, the winding number
w(C, Eb) for hHN(β ) along the curve C = BZ can take integer
values ranging from −2 to 2. Furthermore, a self-intersection
point of the PBC energy spectrum correspond to two solutions
of β located on the unite circle. When t−2 = t2 = 0, this model

reduces to the standard Hatano-Nelson model and the aGBZ
is a circle with radius

√|t1/t−1| in the complex β plane. For
nonzero t−2 and t2, the aGBZ deviates from a circle and can
be obtained analytically using the resultant method detailed in
Appendix A.

We present the energy spectra in Figs. 2(b)–2(d) and their
corresponding aGBZs in Figs. 2(e)–2(g), with t2 = 1.5 and
t−2 = 0.5 fixed. The other two parameters are set as t1 =
1 + γ1 and t−1 = 1 − γ1. When γ1 = −0.3, the interior of the
PBC spectrum is divided into four distinct subregions: three
with a winding number of 1 and one with a winding number of
2 [see Fig. 2(b)]. In this scenario, the self-intersection points
correspond to solutions of the characteristic equation satisfy-
ing |β3(E )| = |β4(E )| = 1, which represent the intersection
points between the GBZ and the unit circle, as shown in
Fig. 2(e). For γ1 = −0.7, the interior of the PBC spectrum
is similarly divided into four distinct subregions, three with
a winding number of 1 and one with a winding number
of −1 [see Fig. 2(d)]. The self-intersection points of the
PBC spectrum, in this case, correspond to solutions of the
characteristic equation satisfying |β2(E )| = |β3(E )| = 1, as
illustrated in Fig. 2(g). At γ1 = −0.5, all self-intersection
points are merged at zero energy, leading to three subre-
gions, all with a winding number of 1 [see Fig. 2(c)]. In
this scenario, the self-intersection points satisfy the condition
|β2(E )| = |β3(E )| = |β4(E )| = 1, as shown in Fig. 2(f). To
analyze this condition, we consider γ1 = −0.5 + ε, where ε

is a small perturbation. For a negative infinitesimal value of
ε, there exists a infinite small loop with a winding number of
−1, admitting |β2(E )| = |β3(E )| = 1 at the self-intersection
points. Conversely, for a positive infinitesimal ε, a infinite
small loop with a winding number of 2 emerges, resulting in
|β3(E )| = |β4(E )| = 1 at these points. Therefore, this triple
self-intersection point corresponds to |β2(E )| = |β3(E )| =
|β4(E )| = 1 in complex β plane. Interestingly, the OBC
spectra in Figs. 2(b)–2(d) exhibit non-Bloch PT symmetry
breaking [27,64–66], where exceptional points arise. This
type of non-Hermitian degeneracy corresponds to cusps of the
GBZ curve in Figs. 2(e)–2(g) [67].

IV. SELF-INTERSECTION POINTS IN MULTI-BAND
NON-HERMITIAN ENERGY SPECTRUM

For a one-dimensional multiband Hamiltonian, the charac-
teristic equation is now given by

f (β, E ) = det[h(β ) − E ] = 0. (13)

This equation defines a two-dimensional Riemann sur-
face in the four-dimensional space (Re β, Im β, Re E , Im E ).
As f (β, E ) = ∏n

μ=1[E − Eμ(β )] = 0, each band E = Eμ(β )
corresponds to a branch of the multivalued function. Similar to
the one-band case, the aGBZ is determined by the two roots of
Eq. (13) with identical amplitudes. However, self-intersection
points in multiband cases can come from intersections be-
tween curves within the same sub-band or across different
sub-bands. Therefore, the winding number should include the
contributions from all sub-bands, namely

w(C, Eb) =
∮
C

dβ

2π i
∂β ln det[h(β ) − Eb], (14)
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FIG. 3. (a) The schematic of a non-Hermitian SSH model.
(b) The PBC and OBC spectra in the complex energy plane. The
self-intersection points of PBC energy spectra occur between two
bands and are marked by different shapes. (c) The corresponding
aGBZ in complex β plane. Due to the chiral symmetry, the solutions
for β at self-intersection points are twofold degenerate and denote
the intersection of the aGBZ and the BZ. In (b) and (c), we set
t1 = t2 = γ = 1 and t3 = 0.2.

where C is the BZ curve. Using the same method as in the
one-band case, it is obvious that self-intersection points in
multiband systems also arise from the intersection between
the aGBZ and BZ curves in the complex β plane.

As an illustrative example, we consider a non-Hermitian
SSH model [68], which is shown in Fig. 3(a). The generalized
Bloch Hamiltonian of this two-band model reads

h(β ) = hx(β )σx + hy(β )σy;

hx(β ) = t1 + t2 + t3 + γ

2
β + t2 + t3 − γ

2
β−1,

hy(β ) = i
t3 + γ − t2

2
β − t3 − γ − t2

2
β−1, (15)

where σx,y,z are the Pauli matrices. The absence of σz

indicates that this model possesses sublattice (or chiral) sym-
metry σ−1

z h(β )σz = −h(β ) [69], ensuring that the eigenvalues
appear in pairs (E ,−E ), as shown in Fig. 3(b). The character-
istic equation of Hamiltonian (15) can be written as

h2
x (β ) + h2

y (β ) − E2 = 0, (16)

which is a quartic equation for β. Upon arranging the four
solutions in ascending order of magnitude, denoted as |β1| �
|β2| � |β3| � |β4|, the aGBZ corresponds to the trajectory
of β that satisfies the condition |βi| = |β j |. By numerically
calculating the aGBZ in Fig. 3(c), we confirm that the self-
intersection points of the PBC energy spectrum correspond to
the intersections between the aGBZ and BZ curves.

V. THEORY OF MULTIPLE SELF-INTERSECTION POINTS

So far, we have primarily focused on the case of twofold
self-intersection points, where the non-Hermitian energy

(a)

(c)

(b)

(d)

FIG. 4. (a) and (b) show the general two types of threefold self-
intersection points. In the first type, the winding number can vary by
up to 3 at the self-intersection point. In the second type, the change
in winding number is limited to 1. However, small perturbations
can split the second type into three double self-intersection points,
generating a small loop with a winding number of w1 in (c) or w1 + 3
in (d). Both types of threefold self-intersection points lead to the
condition |βl+1(E )| = |βl+2(E )| = |βl+3(E )| = 1.

spectrum crosses the self-intersection point only twice. In this
section, we extend our analysis to multiple self-intersection
points with multiplicities greater than two.

We first consider the threefold self-intersection points in
the PBC energy spectrum. These points, where the spectrum
intersects itself thrice, connect six distinct regions and can be
categorized into two types. Without loss of generality, the first
type of threefold self-intersection points connects regions with
a minimum winding number of w1 = l − M and a maximum
winding number of w1 + 3 [see Fig. 4(a)]. Similar to the
analysis of double self-intersection points, we find that these
points must satisfy |βl+1(E )| = |βl+2(E )| = |βl+3(E )| = 1.
The second type connects regions with a minimum wind-
ing number of w1 + 1 (l + 1 − M) and a maximum winding
number of w1 + 2 [see Fig. 4(b)]. Introducing a small per-
turbation transforms these threefold self-intersection points
into small loops. One case occurs when the loop has a wind-
ing number of w1 [see Fig. 4(c)], resulting in the condition
|βl+1(E )| = |βl+2(E )| = 1 for these self-intersection points.
Another case arises when the loop has a winding number
of w1 + 3 [see Fig. 4(d)], leading to the requirement that
|βl+2(E )| = |βl+3(E )| = 1. By combining these conditions,
we find that for both types of threefold self-intersection points,
|βl+1(E )| = |βl+2(E )| = |βl+3(E )| = 1 always holds.

For general multiple self-intersection points with multi-
plicity n, we demonstrate that the n-fold self-intersection
points of the spectrum correspond to n solutions of β on
the BZ. The indices of these solutions are determined by the
winding number in the vicinity of the n-fold self-intersection
point, as well as the number of inward trajectories. In general,
the neighborhood of an n-intersection point in the spectrum
is divided into 2n regions, each possessing distinct winding
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FIG. 5. General proof for the n-fold self-intersection point.
(a) Relation of the sum of winding number in opposite regions.
(b) Illustration of the n-fold self-intersection point, where the green
arc starts from the region with minimal winding number, rotating an-
ticlockwise to the region with maximal winding number. The red and
blue arrowed lines are trajectories of the PBC spectrum intersecting
with the green arc at the half pointing to and away from the n-fold
self-intersection point, respectively. (c) and (d) Two perturbations
of one inward trajectory, where the winding numbers in the green
triangular regions are marked by green font, respectively.

numbers. As illustrated in Fig. 5(a), when two opposite re-
gions (indicated by orange sectors) traverse along the same
trajectory to adjacent opposite regions (depicted as green
sectors), the increase in the winding number on one side is
equal to the decrease on the other. Consequently, the sum of
the winding numbers in opposite regions remains constant for
a given n-fold self-intersection point. Therefore, the regions
with the maximum winding number wmax and the minimum
winding number wmin are positioned opposite to each other.

Consider the arc depicted in green in Fig. 5(b), which
originates from the region with wmin and rotates counterclock-
wise towards the region with wmax. Let us assume that the
arc intersects n − k trajectories extending outward from the
n-fold intersection point (indicated by blue arrowed lines)
and k trajectories directed inward (shown with red arrowed
lines). When the arc crosses an outward (inward) trajectory,
the winding number increases (decreases) by 1. Generally, the
indices of the solutions for β can be expressed as |βlmin−k+1| =
|βlmin−k+2| = · · · = |βlmax+k| = 1, where lmin = M + wmin and
lmax = M + wmax. This result can be demonstrated using a
recursion method. For the n-fold self-intersection point, if
we pick one of the inward trajectories (represented by a red
arrowed line), the multiplicity of the original self-intersection
point is subsequently reduced by 1. For the perturbation
shown in Fig. 5(c), the winding number of the green re-
gion is wmin − 1, according to the relative position of the
green region and the sector with wmin. Conversely, for the
perturbation shown in Fig. 5(d), the winding number of the
green region is wmax + 1 for the analogous reason. We assume
that our observation holds for (n − 1)-fold self-intersection

point. For the perturbation shown in Fig. 5(c), since the
maximal and minimal winding numbers of the (n − 1)-fold
self-intersection point are wmax and wmin − 1, respectively,
and the number of inward trajectories equals k − 1, the
relation |βlmin−k+1| = |βlmin−k+2| = · · · = |βlmax+k−1| = 1 also
holds. Similarly, for the perturbation shown in Fig. 5(d), the
relation |βlmin−k+2| = |βlmin−k+3| = · · · = |βlmax+k| = 1 holds.
By reducing the amount of perturbation to 0, both relation-
ships will simultaneously hold for the n-fold self-intersection
point, yielding |βlmin−k+1| = |βlmin−k+2| = · · · = |βlmax+k| = 1.
Since the cases of n = 2 and n = 3 have been substantiated
in our previous discussions, this conclusion is validated for
arbitrary n-fold self-intersection points through the recursion
process. In Appendix C, we give a concrete method for con-
structing n-fold self-intersection points.

VI. SUMMARY AND DISCUSSION

In this study, we unveil the geometric origins of self-
intersection points in one-dimensional PBC energy spectra.
We rigorously demonstrate that the self-intersection points
of one-band PBC energy spectra arise from the intersection
between the aGBZ and the BZ, which is verified numerically
in an extended Hatano-Nelson model. Furthermore, we ex-
tend our analysis to multiband cases, illustrated through a
non-Hermitian SSH model. Moreover, we discuss the multi-
ple self-intersection points, deriving the geometric conditions
for general n-fold self-intersection points. We establish a
one-to-multiple correspondence between non-Hermitian en-
ergy self-intersection points and the intersections between the
aGBZ and the BZ. In general, for an n-fold self-intersection
point E0 of the PBC spectrum in the complex energy plane,
the number of intersections, denoted as β(E0), between the
aGBZ and the BZ in the complex β plane is equal to n.

When considering the case in which the dimension is
greater than one, the definitions of the aGBZ and the self-
intersection points of the spectrum appear ambiguous, as they
involve multiple complex variables. Nonetheless, we can still
apply our theory by analyzing one of the variables while hold-
ing the others constant. For instance, in the two-dimensional
case, the generalized Bloch Hamiltonian for the one-band can
be expressed as h(βx, βy) = ∑

m,n cmn(βx )m(βy)n. The char-
acteristic equation now takes the form h(βx, βy) − E = 0,
which is challenging to solve. However, for each fixed βx or
βy, we can solve the characteristic equation similarly to the
one-dimensional case, determining the aGBZ and the self-
intersection points of the PBC energy spectrum.

As shown in Fig. 2 and Fig. 3, when the winding num-
bers of the PBC spectra change sign, the corresponding
self-intersection points are also located in the OBC spectra.
This fact indicates that such self-intersection points serve as
fixed points in the thermodynamic limit. In other words, as
the system transitions from PBC to OBC by adjusting the
boundary coupling [70,71], most PBC eigenstates transform
into localized skin states, while the eigenstates associated with
these self-intersection points remain extended. Additionally,
the eigenstates corresponding to these self-intersection points
exhibit scale-free properties in finite-size systems [41,72–75],
thereby facilitating the experimental investigation of these
special points.
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APPENDIX A: CALCULATION OF aGBZ VIA THE
RESULTANT METHOD

The calculation of aGBZ is the key to verify our results. In
Appendix A, we give a brief introduction to the polynomial
resultant theory and outline the detailed application of this
useful method to obtain the aGBZ.

In mathematics, the resultant of two polynomials is used
to identify the existence of a common factor, or equivalently,
a common root. For two given polynomials f (x) = anxn +
· · · + a0 and g(x) = bmxm + · · · + b0, the resultant with re-
spect to the variable x is a polynomial expression of their
coefficients, defined as

Resx[ f (x), g(x)] = am
n bn

m

∏
i, j

(ξi − η j ), (A1)

where ξi and η j are the root of f (x) and g(x), respectively,
with 1 � i � n, 1 � j � m. Apparently, the polynomials f (x)
and g(x) share a common root if and only if their resultant
Resx[ f (x), g(x)] is zero. The resultant of f (x) and g(x) can
be explicitly calculated using the Sylvester matrix, defined as
follows:

Syl( f , g) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

an an−1 an−2 · · · 0 0 0

0 an an−1 · · · 0 0 0
...

...
...

...
...

...

0 0 0 · · · a1 a0 0

0 0 0 · · · a2 a1 a0

bm bm−1 bm−2 · · · 0 0 0

0 bm bm−1 · · · 0 0 0
...

...
...

...
...

...

0 0 0 · · · b1 b0 0

0 0 0 · · · b2 b1 b0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(A2)

It can be proved that the resultant defined by Eq. (A1) is just
the determinant of their Sylvester matrix [76], namely

Resx[ f (x), g(x)] = det Syl( f , g). (A3)

Using this relation, we can derive the analytical expression of
the aGBZ curve on the complex β plane by eliminating the
variables E and θ from the equation

f (β, E ) = f (βeiθ , E ) = 0, θ ∈ R. (A4)

To eliminate E , we can calculate the resultant of f (β, E ) and
f (βeiθ , E ) with respect to E from Eq. (A3), and label this
resultant as G(β, θ ), namely

G(β, θ ) = ResE [ f (x), g(x)] = 0. (A5)

Since G(β, θ ) is a complex algebraic function of β and βeiθ ,
the above equation can be separated into two independent real
algebraic equations as

Re G(β, θ ) = 0, Im G(β, θ ) = 0. (A6)

Given that βeiθ = β cos θ + iβ sin θ, the variable θ can not be
directly eliminated using the resultant method. By substitut-
ing cos θ = (1 − t2)/(1 + t2) and sin θ = 2t/(1 + t2), we can
obtain the resultant of Re G(β, t ) and Im G(β, t ) with respect
to t , leading to the expression for the aGBZ:

FaGBZ(Re β, Im β ) = Rest [Re G(β, θ ), Im G(β, t )]. (A7)

The above result of FaGBZ(Re β, Im β ) is an algebraic poly-
nomial of Re β and Im β, representing a closed curve on
the complex β plane. When evaluating FaGBZ(Re β, Im β ),
symbolic computing programs such as MATHEMATICA and
MATLAB can efficiently automate the calculation of the resul-
tant.

APPENDIX B: NUMBER OF ZEROS ENCLOSED
BY SUB-aGBZ CURVES

In Appendix B, we show that each subcurve ∂Bi,i+1 is
the boundary of the open set that contains the i zeros of
the characteristic equation. Consequently, ∂Bi,i+1 is a closed
curve that encircles these i zeros.

The single-band characteristic equation h(β ) − E = 0 es-
tablishes a mapping from β to E , indicating that for each β,
there exists a unique corresponding E . Conversely, for a given
value of E , there are m + n zeros in complex β plane, where
m is the order of the pole. These zeros can be ordered by their
magnitude: |β1(E )| � · · · � |βm+n(E )|. As E sweep through
the entire complex plane, we obtain a set of continuum areas
A1, · · · ,Am+n. Here, the definition of open set Ai is given by

Ai = {βi|∀E ∈ C : |βi−1(E )| < |βi(E )| < |βi+1(E )|}. (B1)

If there is an intersection between Ai and A j , denoted as Ii j ,
then for any β ∈ Ii j, it follows that β = βi(E ) = β j (E ′) for
E �= E ′. This implies that a single β corresponds to two dis-
tinct values, contradicting the injective nature of the function
E = h(β ). Therefore, Ai and A j do not intersect in single-
band systems; geometrically, this means that Ai and A j have
no overlap.

The frontier of Ai, denoted as ∂Ai, is the set of points β

such that every neighborhood of β contains both points in Ai

and points not in Ai. Mathematically, the frontier of Ai can be
expressed as

∂Ai = {β|∀O 
 β : Ai ∩ O �= 0,AC
i ∩ O �= 0}, (B2)
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where AC
i = C\Ai is the complementary set of Ai. The

boundary between Ai and A j is defined as

∂Bi, j = ∂Ai ∩ ∂Aj . (B3)

Thus, we have

∂Bi, j = {βi, β j ∈ C|∀E ∈ C : |βi(E )| = |β j (E )|} (B4)

and the GBZ is ∂Bm,m+1. Furthermore, we define the set
Ui,i+1 as the union of open sets A1,A2, · · · ,Ai and their
boundaries ∂Br,s (1 � r, s � i). The boundary of Ui,i+1 is the
subcurve ∂Bi,i+1 of aGBZ. According to the definition of
Ui,i+1, its interior automatically contains the first i zeros for
any E ∈ C. As a result, the boundary ∂Bi,i+1 forms a closed
curve, enclosing the i zeros of the single-band characteristic
equation h(β ) − E = 0.

APPENDIX C: CONSTRUCTING THE n-FOLD
SELF-INTERSECTION POINTS

In the main text, we derive the geometric conditions
for general n-fold self-intersection points. Here, we present
a straightforward and concrete method for constructing

n-fold self-intersection points. Taking the one-band case as
an example, we find that if the generalized Hamiltonian h(β )
can be expressed in the following form:

h(β ) = (1 − eiφβn)q(β ), (C1)

where q(β ) is a holomorphic function of β such that q(β ) �= 0
when |β| = 1, and φ is a real number satisfying 0 � φ < 2π ,
then h(β ) exhibits n-fold self-intersection points at the origin
of the complex energy plane. Specifically, the characteristic
equation h(β ) − E = 0 for E = 0 possesses n distinct solu-
tions that satisfy |β| = 1. These solutions are given by:

β = ei 2πm−φ

n , m = 1, · · · , n. (C2)

For example, the generalized Hamiltonian in the Fig. 2(c) is

hHN(β ) = 0.5β−2 + 1.5β−1 + 0.5β + 1.5β2

= (1 + β3)(0.5β−2 + 1.5β−1). (C3)

In this case, we find φ = π and q(β ) = 0.5β−2 + 1.5β−1. The
solutions for this threefold self-intersection point are β = ei π

3 ,
eiπ , and ei 5π

3 , which is consistent with the numerical results
shown in Fig. 2(f).
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