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Localization on a Synthetic Hall Cylinder
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By engineering laser-atom interactions, both Hall ribbons and Hall cylinders as fundamental theoretical
tools in condensed matter physics have recently been synthesized in laboratories. Here, we show that
turning a synthetic Hall ribbon into a synthetic Hall cylinder could naturally lead to localization. Unlike a
Hall ribbon, a Hall cylinder hosts an intrinsic lattice, which arises due to the periodic boundary condition in
the azimuthal direction, in addition to the external periodic potential imposed by extra lasers. When these
two lattices are incommensurate, localization may occur on a synthetic Hall cylinder. Near the localization-
delocalization transitions, physical observables strongly depend on the axial magnetic flux, providing us a
sensitive means to probe either the transition or the axial flux using one another. In the irrational limit,
physical observables are no longer affected by the axial flux, signifying a scheme to suppress decoherence

induced by fluctuations of the axial flux.
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Lasers could change the momentum of an atom and
meanwhile flip its spin, laying the foundation of synthetic
spin-orbit coupling for charge-neutral atoms [1-12].
Viewing spins as a synthetic dimension [13,14], a one-
dimensional spin-orbit coupled system is equivalent to a
two-dimensional quantum Hall ribbon [15,16]. Synthetic
dimensions also allow physicists to access high-dimen-
sional physics [17], such as a four-dimensional charge
pump [18,19]. Another profound advantage is the control-
lable boundary condition [20]. Several groups have
recently realized synthetic Hall cylinders by implementing
periodic boundary conditions in the synthetic dimensions
[21-23]. In such a synthetic Hall cylinder, in addition to a
uniform axial synthetic magnetic flux ¢, an extra magnetic
flux @ can be created at one end surface. Consequently, the
total magnetic flux through the cylindrical surface becomes
finite, a challenging task for a cylinder in real space such as
a nanotube.

Two different scenarios have been used in synthetic Hall
ribbons and synthetic Hall cylinders. In experiments done
at Florence, NIST, and Seoul [15,16,21], extra lasers
impose external optical lattices in the real dimensions.
Hamiltonians are constructed based on these external
optical lattices. However, in the experiment done at
Purdue [22] and another one at NIST [23], no external
lattice is applied. The density modulation developed on the
Hall cylinder purely comes from the periodic boundary
condition in the synthetic dimension. This is referred to as
the intrinsic lattice of the Hall cylinder. Fundamental
questions arise of whether the interplay between the
intrinsic and the external lattice leads to any qualitatively
new physics, and whether the Hall ribbon and the Hall
cylinder could host distinct quantum phenomena.
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The main results of this Letter are summarized as
follows. (I) Localization could occur on a Hall cylinder
when the external lattice is incommensurate with the
intrinsic one. (II) The intrinsic lattice is absent in a
Hall ribbon, and hence the localization on the Hall
cylinder disappears, reflecting the significance of the
boundary conditions in synthetic spaces. (III) For any
commensurate lattices, the dependence of physical
observables, for instance, the inverse participation ratio,
on ¢ is maximized near the delocalization to localization
transitions. This delivers a sensitive scheme to measure
either the transition or ¢ using one another. In the
irrational limit, the dependence becomes weaker and
eventually vanishes, signifying a unique means to sup-
press the decoherence induced by fluctuating ¢. (IV) For a
Bose-Einstein condensate in the Hall cylinder, the delo-
calization-localization transition is robust to the weak
interaction. (V) It is well known that any irrational number
can be approximated by a rational number to arbitrary
precision. This fact manifests itself in our system such that
the localization is observable in a finite Hall cylinder with
commensurate lattices.

Hamiltonian and eigenstates.—The synthetic dimension
can be encoded in internal states, either hyperfine spins of
alkali-metal atoms [16,21-23] or nuclear spins of alkaline-
earth metal atoms [15]. We consider N sites (N internal
states) in the synthetic dimension. As shown in Fig. 1(a),
the intersite hopping is accomplished by Raman lasers or
microwave fields flipping hyperfine or nuclear spins. In the
real dimension, extra counterpropagating lasers impose an
external one-dimensional optical lattice, the lattice spacing
of which is z/k; . k; is the wave number of the extra lasers.
The Hamiltonian is written as
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FIG. 1. A schematic of a synthetic Hall cylinder formed by
three internal states. (a) The same Raman lasers couple [y (x))

and |y, (x)), [wa(x)), and |y3(x)). The coupling between [y3(x))
and |y (x)) is provided by a two-photon microwave transition.

(b) In the real dimension, an external optical lattice is imposed, in
addition to the intrinsic lattice on a Hall cylinder. The synthetic
flux at the two ends of the Hall cylinder are ¢ and ¢ + D,
respectively, where @ is equal to the flux penetrating the
cylindrical surface.
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where |y;(x)) is the jth internal state with spatial wave
function y;(x), V the depth of the optical lattice, and € the
detuning in the Raman or microwave transition. £2; denotes
the coupling strength between internal state j and j+ 1
induced by the Raman lasers or a microwave with a wave
number k; and phase ¢;, and yy (x) =y (x). k; = O ifit
is induced by the microwave.

Along a closed-loop, (xq,j) = (xg,j + 1) = (xo — Ax,
j+1) = (xg — Ax, j) = (xg,j), an atom accumulates an
extra phase 2k ;Ax, where Ax denotes the distance along the
real dimension. The total magnetic flux penetrating the
cylindrical surface, @ = ) 2k;L, where L is the length of
the cylinder, originates from the nonuniform axial flux that
can be used to access topological charge pumping [24]. As
shown in Fig. 1(b), the axial flux includes a uniform part ¢
and a gradient that leads to different flux through the two
ends, ¢ and ¢ + @, respectively. The periodic boundary
condition (PBC) and open boundary condition (OBC)
corresponds to Qy # 0 and Qy = 0, respectively. Qy is
the coupling between the first internal state and the Nth
one. For PBC or OBC, we refer to this system as a synthetic
Hall cylinder or synthetic Hall ribbon, respectively. On the
Hall cylinder, H, gives rise to an intrinsic periodic lattice
even when V = 0 [25].

Hereafter, we consider a minimum Hall cylinder
(N = 3). Furthermore, we consider that the coupling
between |y (x)) and |w,(x)) is provided by the same
Raman lasers that couple |y,(x)) and |w3(x)). [y3(x))
and |y(x)) are coupled by a two-photon microwave
transition, the strength of which is taken equal to the
Raman couplings. As a result, in such a configuration

ky = ky = ko, k3 =0, and Q;_;,3 = Q. In practice, this
configuration can be realized in current experiments
[21,22]. Each single ¢; can be gauged away but the sum
of all phases, ¢ =) j®j» 1s an important quantity to
control system. For convenience, we set ¢; = ¢, =0,
¢3 = ¢. Since finite detunings ¢; typically exit and the
synthetic magnetic flux may also be nonuniform in experi-
ments, the ground state of our system is unique.

The periodicity of the density modulation in the intrinsic
lattice is d; = n/(2ky), and the lattice spacing of the
external optical lattice is dp = 7/k;. We use dy to denote
the lattice spacing of the composite lattice that consists of
the intrinsic and external lattices. dy is the least common
multiple (LCM) of d; and dp,

dr = frem(dr. di). (2)

We consider a sequence of commensurate lattices that

satisfy
d k fi
@),-Go) % o
E/ 1 0/1 fi
where f; = {1,1,2,3,5,8,...} is the Fibonacci sequence
with [ =1,2,3,.... It is known that lim;_ f;,(/f; =

(\/5 +1)/2, i.e., in the large / limit, a rational number,
f1+1/f1, well approximates the golden ratio.

Figure 2 shows how H, couples a sequence of plane
waves, |q; + 4mky + 2nk;);, where m and n are integers
and q; = q + 2(j — 1)ko. A plane wave of the jth spin state
lg;); has an on-site energy of e; + h*q;/(2M). The
intersite couplings of this momentum space lattice are
provided by Raman couplings, microwave transitions, and
the external lattice, as specified in Fig. 2. An eigenstate is
written as

[¥(q)) = ch,m,,,|qj +4mko + 2nkp) ;. (4)
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FIG. 2. Tllustration of coupling pathways in the momentum
space. One pathway is provided by the Raman (red solid arrow)
and microwave (green dashed) transitions, which transfers
momentum 4k, and accumulate a phase ¢. Another pathway
is provided by the external lattice (blue dash-dotted) which
transfers momentum 2k;. After f;,; times Raman and micro-
wave transition or 2f; times external lattice coupling, the two
pathways meet. Here, we take [ = 3 as an example.
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When 2k, /k; orequivalently, di/d;, is commensurate, two
plane waves are coupled by multiple pathways. For
instance, Fig. 2 shows two pathways coupling |¢), and
|g +4f1.1ko),, one given by the intrinsic lattice and the
other by the external lattice. As shown later, the interfer-
ence between such pathways becomes crucial when dis-
cussing the delocalization to localization transition. The
detuning €; means an energy barrier for particles to tunnel
in the synthetic dimension. If the detuning is large, it will be
difficult for particles to move along the trajectory shown by
the red and green arrows in Fig. 2. Thus, the Raman
couplings and microwave couplings need to be large
enough to overcome the energy barrier to induce the
localization-delocalization transition.

Delocalization to localization transition.—Localization
is often studied using the Aubry-André model, which
considers particles subject to a random potential [26]. In
ultracold atoms, a quasiperiodic lattice was realized by
imposing two incommensurate optical lattices to mimic
the randomness [27-29], and the delocalization to locali-
zation transition has been observed in bosons [30,31].
Here, we show that the delocalization to localization
transition naturally emerges on a Hall cylinder. Two
conditions are required for the localization on a Hall
cylinder. (i) The intrinsic and the external lattice are
incommensurate, which leads to a random potential for
the bosons. (ii) The potential energy dominates over the
kinetic energy, i.e., the amplitude of the composite
potential should be large enough to suppress the motion
along the real dimension.

We consider a prototypical irrational number,

k;/ky = (v/5 4 1)/2, which can be approximated by the
ratio of two rational numbers, i.e., the aforementioned
f1+1/ 11, Fibonacci sequence. In the large [ limit, results of
incommensurate lattices can be well approximated by
commensurate lattices in a finite system. Strictly speaking,
localization exists only for incommensurate lattices, i.e.,
when [ — oo. For any finite I, (k;/ko), = f111/f: the
external and intrinsic lattices are commensurate. However,
when [ is large enough, a length scale separation exits,
0 < L < dr, where o is the width of the wave function in a
unit cell of the composite lattice and L is the system size.
Experiments conducted on such a finite system will well
reproduce physics observables in an incommensurate
lattice, such as the density distribution.

To quantify the localization, we consider the dimension-
less inverse participation ratio (IPR) [32],

_JoT xS I ()PP
kol 61de 13':1 |ll/j(x)|2]2

(5)

arpr

For convenience, we have used the total density of all three
spin states to compute IPR. In the ideal delocalized states,
ie., |w;(x)[* is uniform, IPR « 1/d7, which approaches

zero in the large / limit. In the ideal localized states, i.e.,
ly;(x)[* = 6(x), IPR diverges. In a finite system, IPR
remains small in the delocalized state. Tuning V and €,
the state becomes localized and IPR quickly increases to a
large value.

A density plot of IPR as a function of Q and V is
illustrated in Fig. 3(a). It is obvious that when either € or V
is fixed and the other increases, IPR increases. For instance,
when Q = 2F, and V = 5E|, as shown by the red circle,
IPR ~0.1, and the density distribution is shown in
Fig. 3(b). The Raman laser recoil energy E, = A%k3/2m
is used as the energy unit throughout. It is clear that the
density distribution extends to the whole unit cell of the
composite lattice. In contrast, when Q = 8E; and
V = 18E,, as shown by the red rectangle, IPR is around
the unit, and the density distribution is shown in Fig. 3(c).
The density distribution now is spatially localized in each
unit cell, i.e., 0 < dy. More interestingly, there is a clear
boundary between the delocalized regime and the localized
regime on the density plot of IPR. Near the boundary, IPR
increases very quickly from a small value to a large one,
which implies the transition from the delocalized state to
the localized state. In our calculation, we take [ =9
meaning k; /ky = 55/34. Thus, the composite lattice is
readily a good approximation for an incommensurate lattice
in a finite system, the size of which satisfies ¢ < L < dj.
It is reasonable to expect that with increasing / such that

k;/ky = (v/5 + 1)/2, the transition becomes even sharper,
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FIG. 3. (a)Inverse participation ratio (IPR) of the synthetic Hall

cylinder. The color bar denotes the density of the dimensionless
IPR. (b) A typical ground state density distribution p(x) =

21 lw;(x)[* in the delocalized regime (red circle), where
Q =2E,, V=5E, with E, = h2k3/2m being the Raman laser
recoil energy. (c) A typical ground state density distribution in the
localized regime (red rectangle), where Q = 8E,, V = 18E. The
density distribution in two unit cells is shown. In our calculation,
€] = —0.1E0, €y = O, €3 = O.IE(), ¢ = 77,'/3, and [ = 0.
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which serves as a smoking gun of the delocalization to
localization transition.

We would like to point out that PBC is crucial. Under
OBC, the intrinsic lattice vanishes. Without the external
lattice, the density becomes uniform in the real dimension.
Turning on a finite V, though the density becomes perio-
dically modulated, because of the absence of intrinsic
lattice, the delocalization to localization transition on a
Hall cylinder disappears. For more properties regarding
the delocalization-localization transition, please refer to
Supplemental Material (SM) [33].

Dependence on the uniform axial synthetic flux.—
According to Eq. (1), the wave function accumulates a
constant phase factor ¢ after a closed-loop motion
lw1(x)) = [wa(x)) = lw3(x)) = |wi(x)). In practice, the
phases of the Raman lasers are in general different from
those of the microwaves. ¢ is thus finite and tunable. This
corresponds to the uniform part of the axial flux and
determines the origin of the intrinsic lattice. In the absence
of the external lattice, physical observables in an infinite
system do not depend on ¢ because of the translational
invariance. However, when the external lattice is turned on,
¢ cannot be ignored as it determines the relative dis-
placement between the intrinsic and external lattices.
Alternatively, one could consider the Hamiltonian in the
momentum space, as shown in Fig. 2. When k; /k, is a
rational number, e.g., f;,1/f;, multiple pathways contrib-
ute to the occupancy in a single plane wave. The uniform
flux ¢, which determines the relative phase between
different pathways, becomes crucial, in particular near
the delocalization to localization transition. This allows
one to quantitatively trace how good the rational approxi-
mation of an irrational number is.

To this end, we calculate the dependence of IPR on ¢.
Our results indicate that for any commensurate lattice, i.e.,
a finite /, IPR depends on ¢, as expected. However, in both
the delocalized state and the localized state, such depend-
ence is weak, as either the intrinsic or the external lattice is
much stronger than the other one. Shifting their relative
position by changing ¢ does not lead to considerable
changes in IPR, as shown in Fig. 4. In contrast, the
dependence is maximized near the transition point, where
the amplitudes of these two lattices become comparable.
Changing the relative displacement thus significantly
changes the property of the system. For the variance of
IPR, please refer to SM 5.

It is worth pointing out that our results are particularly
useful in practice, when ¢ may fluctuate in repeated
experiments [24]. Our findings indicate that near the
delocalization to localization transitions, fluctuations in
¢ may lead to a large variance of physical observables. If
we examine IPR more carefully near the transition point, its
periodic dependence on ¢ is shown in Figs. 4(a) and 4(c).
Interestingly, such periodicity directly unfolds / we used
in the Fibonacci sequence. Consider a change in ¢,
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FIG. 4. (a),(c) Dependence of IPR on the constant part of the

axial synthetic flux ¢ for two rational approximations. f;,,
counts the oscillations. (b),(d) IPR as a function of Raman
coupling strength for given external lattice and flux. The values of
¢ are indicated by the arrows in (a) and (c). In our calculation,
V= 10E0, € = —O.lE(), €) = 0, €3 = OlEO

¢ — ¢+ Ap. Ap can be gauged way by multiplying
|qj + 4mko +2nk;); an extra phase e™“%. Thus,
|q; +4f11ko) > or equivalently, |g; +4fk.);, acquires
additional phase, e/+14% after the transformation.
Meanwhile, |g; +4f;, ky); are coupled to |g); by the
external lattice potential, resulting in the same additional
phase /147 acquired by |g;); To ensure the single

valueness of the wave function, ¢/#+14% =1 has to be
satisfied. The periodicity of a physical observable, such as
IPR, as a function of ¢, is given by 2z/f, ;. We thus
conclude that measuring the dependence of IPR or other
physical observables on ¢ directly allows us to quantita-
tively trace the precision of using rational numbers to
approximate an irrational number.

Another notable result arises when increasing the pre-
cision of the rational approximation of (v/5 + 1)/2. With
increasing /, the dependence of IPR on ¢ weakens and
eventually vanishes in the incommensurate lattice. For
[ =9, the dependence is less obvious than that of / = 6,
as shown in Figs. 4(b) and 4(d). Increasing / means
enlarging the length of the pathways that interfere with
each other in Fig. 2. Since |q; + 4f,. ko) ; has a larger on-
site energy than |g;) j» larger f;, correspond to a weaker
coupling between these two states. As a result, the relative
phase of these two pathways becomes less important. In
particular, in the limit / — oo, these two pathways will
never meet, as the incommensurate intrinsic and external
lattices could not couple |g;); to the same plane wave
at all. We thus conclude that the dependence vanishes
in the incommensurate lattice. This phenomenon has
been observed in a recent experiment at NIST [36]. Our
incommensurate lattice corresponds to the irrational
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FIG. 5. Interaction effect on IPR. In our calculation, V = 20E,,
ho = OOSE(), € = —O.IE(), €) = 0, €3 = O.IE(), [=1.

transverse flux that suppresses decoherence caused by
fluctuations in the axial flux in the experiment.
Interaction effects.—In realistic experiments, weak inter-
actions exist in a Bose-Einstein condensate uploaded to a
synthetic Hall cylinder 5. For simplicity, we consider a
quasi-1D system in the real dimension and equal and
repulsive interspin and intraspin interactions, U =
(9/2) [ dxp(x)* where p(x) =37, i (x)y;(x) denotes
the atomic density, g the interaction strength. We include
the harmonic trap in the real dimension. By numerically
solving the imaginary-time Gross-Pitaevskii equation,

o)
or

with 7 (x) = [y (x),w2(x),3(x)] and @ the trapping
frequency, we obtain the ground state and hence the
IPR. In Fig. 5, we show the IPR for various interaction
strength. Our results show the weak repulsive interaction in
current experiments slightly changes the IPR but the
qualitative features of the noninteracting systems remain.

In summary, we have studied the delocalization to
localization transition on a Hall cylinder due to the inter-
play between the intrinsic lattice and the external lattice.
Our results provide experimentalists with a unique platform
to study new quantum phenomena and to address funda-
mental questions in synthetic spaces. We hope that our
work will stimulate the community to explore more
synthetic spaces.
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